We study two-parameter coordinate-wise C0-semigroups and their generators, as well as two-parameter evolutions and differential equations up to the second order for them. These results are applied to obtain the Hi]le-Yosida theorem for homogeneous Markov fields of the Feller type and to establish forward, backward, and mixed Ko]mogorov equations for nonhomogeneous diffusion fields on the plane.
Introduction
Let Ttl,t 2 be a two-parameter coordinate-wise C0-semigroup. The paper is organized as follows. In Section 2, we prove that Ttl't2-Tl'12t -Ttlt2,1 and establish that its generator coincides with the generator of the one-parameter semigroup T1, t. We also derive differential equations up to the second order to Ttl,t 2 and its resolvent and establish Hille-Yosida theorem for Ttl,t 2 (Remark 2). In the third section we consider two-parameter evolution operators, Tss,,tt, up to the second order. In the fourth section we study .-Markov fields on the plane with transition functions and present the Hille-Yosida theorem for .-Markov fields of the Feller type. In the fifth section the class of diffusion fields is introduced. The form of generators and relations between them are established. Forward, backward, and mixed Kolmogorov equations of the second order for the densities of diffusion fields are presented. A partial case of backward Kolmogorov equations was considered in [3, 4] .
2. Two-Parazneter Semigroups, Their Generators, and Resolvents Let X be a complex Banach space, (X) be a space of linear continuous operators from X to X, I be the identity operator on X, and D(A) be the domain of operator A. 282 YU. MISHURA and YU. TOMILOV Denote [2 [0 +cxz) 2 with partial ordering <(< ) if -(81 82) -(t 1 t2) and < < )t, i-1,2.
Definition 1: The family {Ttl, t2, (tl, t2) G 2+ } C (X) is called a coordinate-wise two-parameter semigroup if it satisfies the following two conditions. t2--*0 1 t2X tl--+0 1 lim Ttl t2x x.
I v t2--,0 The proof of Lemma 1 is similar to that of the classical theorem about continuity of separately continuous bilinear forms [8] when we replace functionals by operators, so it is omitted.
Lemrna 2: The semigroup Ttl,t 2 is a Co-semigroup if and only if it satisfies one of the condilions (B1) or (B2).
Proof: The necessity is obvious. Let us prove sufficiency. Suppose, for example (B1) is satisfied. Then the one-parameter semigroups, Ttl., and T ,t 2 are continuous for any fixed t 1 and t 2. From known properties of one-parameter semigroups, for any t > 0, 1,2, there exist constants C Ci(ti) > 0 and a ai(ti) G gt such that I[ Ttl,u 11 <-C1 ealu and I I Tu, 2 11 <- Thus, Definition 2 can be weakened to condition (B1).
Lemma3-Left 7 be a Co-semigroup. Then, for any (t 1 t2)N 2 T-Tl,tlt2 Ttlt2,1.
(1) A2tlX: t2t21im I__(T 7 x x) and Alt2 X" tl__0tllim 2(T=t X X) whenever the limits exist.
Theorem 1" Let T T be a Co-semigroup. Then the following hold"
1)
A A I A and AtJ tiA t > O, i-1,2, j 1, 2, i j.
2)
For any x G D(A), YU. MISHURA and YU. TOMILOV exist or do not exist simultaneously. Therefore, according to Definition 3, D(A)-D(At2,), D(A21) C D(A) and At 2 x flAX. From the same arguments applied to x e D(A) and x e D(A), we have D(A11) C D(A) C D(A) D(A), and, consequently, D(A)= D(A21) D(A). Therefore, the equalities (2) hold 2. Operators A and Ttl commute on D(A) (this follows from the corresponding properties of one-parameter semigroupsl; therefore, A A and Ty Ttlt2,1 commute on D(A)= D(A).
3. This statement can be obtained by direct calculations.
Vl
Suppose the semigroup T is not continuous on the whole space X. In this case, let us consider the linear manifold,
2) Operators Ty act from X 0 to X O.
The proof follows from equality (1) and similar results for one-parameter semigroups.
V1
Theorem 2: The linear operator A is a generator of a coordinate-wise Co-semigroup if and only if it is a generator of a one-parameter Co-semigroup.
Proof: Let A be a generator of the coordinate-wise C0-semigroup Ty. Then from Lemma 3 and Theorem 1, A is a generator of the one-parameter C0-semigroup U(t)-T1, t. Conversely, assume that A generates a one-parameter semigroup U(t). Set Therefore, A is a generator of coordinate-wise semigroup. V1 lemark 2: It follows from Theorem 2 that the conditions of the well-known Hille-Yosida theorem are necessary and sufficient for the closed operator A with D(A) X to generate coordinate-wise semigroup.
Remark 3: The statement similar to Theorem 2 for an n-parameter coordinate-wise semigroup is true and would have the same proof.
It is well known that in the one-parameter case, the Laplace transform of semigroup is a resolvent of its generator, defined in the appropriate half-plane of C. Analogously, in the case of the multiplicative semigroup Ttl,t2, given by equations, Ttl,t 2 Tl(tl)72(t2) and Tl(tl)T2(t2)-T2(t2)Tl(tl) where T i(ti) for i-1,2 is a one-parameter semigroup, the two-dimensional Laplace transform of T(tl, t2) is decomposed into a product of one-dimensional transforms and is the product of resolvents of semigroup generators. There are no such simple relations for coordinate-wise semigroups. In this vein, we can obtain only the following result.
Theorem 3: Let {T, @ N2+} be a contractive coordinate-wise semigroup (this assumption is made for the sake of simplicity), and let Lz, w-Lz, w(f) and L z Lz(g be twoand one-dimen- (7).
3) Finally, from the equality L(u) L1, u with u-zw, we obtain that We call any operator, Tss,,tt, in this family a two-parameter evolution operator (or simply an evolution). 2) The elements of the family of operators {A 1' A2, +/ss't } defined as stt Al-t-t s,t, Remark 8: Let B(t,s)" R2+---X be a twice continuously differentiable function on some D C N2+. Then in the usual way, using corresponding results for the functions from N2+ to C and the Hahn-Banach theorem, we obtain for any x D that (02B/OsOt)x (02B/OtOs)x. A similar result is true for one-sided derivatives. Thus, if operators A-Tss,,tt, A,s,-Astt ,1, Tss, tt' and Alst-2 A's'-[ Ts', tt' are continuous as functions of (s, s', t, t') 4+ on the 4+, then 02, (E6) a) Tss, tu G n(Als's,-Q n(A fft, + with u, v G It', t' + 5] for some 5 > O; x G n(A's, ).
b) The operator Als's,is closed. c) There exists the limit, limA 1'tt,A 2 + stt Tss Or'08'
x Tss,,tt,A2t ,+ x + Tss,,tt, ss't' s tt 6) Let the following conditions hold. 3)
for any x,y,z, E, B , and < and p{-g,(ul,t2),x,y,z,B} / P{-d'-'x'('z'd]}P{(tl's2)'(ul't2)''ri'z'B} P{-g ,(tl,u2 ),x,y,z,B} / , x, , z, d}P{(Sl, t2) ,(tl,u2),,y,],B} [5, 11] .
Definition 9: X is called an ,-Markov field with transition function P, if for any m >_ 1 and 1, with Bij e for i-1, m and for j 1, n, with (si, tj) G N2+, we have 
(under the assumption that the right-hand sides do not depend on x). In this case, the collection (p10, p20, pit, p2s) is called an ,-transition function on (E, g).
The following equalities are true for any ,-Markov field with a transition function" t, x, B and P2S{t, y, tl, B} (s, x, B) . Definition 10: Transition function P(s,t;x,B) is said to be continuous in probability (Pcontinuous), if for any > 0 vlimt0 P (s, t,x, U(x)) 1, where U(x) is any C-neighborhood of x. ,-Markov field with a P-continuous transition function will be called a P-continuous field. The indexwill be omitted.
Let us denote CB(E C B(E) as the space of continuous bounded functions on E.
Lemma 7: The following conditions are equivalent.
(F1)
The field X is P-continuous.
(F2) u01im P(u, Vo, x, Ue(x)) lvimoP(uo, v, x, Ue(x)) 1, for any no, Vo, e > 0 and x e E. i.e., (F2) holds. The implication, (F2)=(F4) has a proof similar to the proof that (F1)=V(F3). The implication (F4)=V(F3) follows from Lemma 1. The implication, (F3)=V(F1) has a proof similar to the proof that (F4)=(F2).
Definition 11: Transition function P(s t,x,B) is said to be Feller, if for any N 2 T 7 (CB) C C B. The corresponding ,-Markov ned win be called a Feller field. (Note that if E is a compact set, then CB(E C(E), where C(E)is the space of continuous functions.)
Theorem 6: 1) Let X be a P-continuous field. Then Ti Tl,tlt2 Ttlt2,1 on CB(E).
2)
Let E be a compact set and X be a P-continuous Feller field. Then Ti is a Co-semigroup on C(E). Proof: 1) According to Lemma 7, for any x E and f CB(E), with u0, v 0 > 0, Therefore, Tx --Tl,sl,s 2 on CB(E). Similarly, Ti --Tsls2,1 on CB(E).
2) Taking into account statement 1), we obtain that X t" -X, is a homogeneous Markov P-continuous, Feller process. According to famous results for Feller processes, the semigroup Tt: T,t, > O, is continuous on C(E). Therefore, lim l] Tt 2 Tsl s2 I I lim 11 T1 1t2 f T1 s 1 2f 11 0 for f C(E), -__ -[._. s i.e., T tl, t2 is a C0-semigroup.
V1
The Hille-Yosida theorem for Feller fields on compact sets is similar to the one-parameter case.
Two-Parameter Coemigroups, Evolutions and Their Applications 295 Theorem 7: An operator A with domain D(A) that is dense in C(E) generates a P-continuous Feller field on the compact set E if and only if the following conditions are satisfied.
(G) a) There exists . > 0 such that (hi-A)(D(A)) C(E).
b) If f E D(A) and f(xo) >_ f(x), then Af(x) _ O.
Proof: If A generates a P-continuous Feller field, then from Theorem 1, A is a generator of a Feller one-parameter semigroup, T Tl,t, and necsity follows. If assum..ption (G) is satisfied, then from Theorem 1, there exists a semigroup Tt, tO, such that Tt(C(E))C C(E) and
Ttf---,f as t--0 for any f C(E) [2, p. 167] . Let Ts, Tst. Then Ts, t(C(E)) C C(E). Since T s, tf(x), for any s,t and x fixed, is a linear functional on C(E), then there exists a measure P(s, t, x, B) on such that Ts, tf(x) Here, {bio, aio j, i, j 1, n} C C(2+ x Rn) and {b, a j, i, j 1, n] C C(3+ x R n) for k 1, 2.
Remark 9: Different classes of diffusion fields on the plane were considered in [1, 3, 4, 7] , similar class of diffusion processes were considered in [9, 10] . Denote Ci n Ci,(R ') C C2(Rn) as the space of functions with compact support.
Theorem 8: Let the diffusion field X satisfy the condition (I) for any compact set K C Nn there exists a compact set K'D K such that P(Sl, tl, s2, t2, x, K) o(AsAt), P(Sl, t, s2, t', x, K) o(As), 
The proof follows from (13)and (14) o(u)(s' p-() ,s', (u) )P"
If, in addition, (K2)b), d) and e) hold, then OtO' ; Zo () (', t); () (, ', t)Z(V)(, t, t');.
(19')
